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1. Introduction. 



Resume. Par un theoreme d'Andreotti-Grauert, si uj est un {p, q) courant, q < n, dans une variete 
^^ ' de Stein, d ferme et a support compact, il existe une solution u k du — uj egalement a support 

tN I compact. Le resultat principal de ce travail est de montrer que si, de plus, uj G L^{n,drn), oh m est 

O ' une mesure de Lebesgue convenable sur 51, alors on a une solution u a. du — lo a. support compact 

^ \ et dans L^{Q,dm). On le montre grace a des estimees dans des espaces L^{n) a poids. 

t-J ' Dans une deuxieme partie on montre directement des estimations globales L^'^°'^{n,) — L^'^°'^{fl) 

(^ [ pour des solutions de I'equation d dans les varietes de Stein. Cela redonne, encore par dualite, une 

autre preuve du resultat principal. 

>-^ ■ Abstract. By a theorem of Andreotti and Grauert if oj is a (p,q) current, g < n, in a Stein manifold, 

<^ I d closed and with compact support, then there is a solution u to du = ui still with compact support, 

jrt ' The main result of this work is to show that if moreover oj G U'{dm), where tti is a suitable Lebesgue 

measure on the Stein manifold, then we have a solution u with compact support and in U'{dm). We 
prove it by estimates in L^ spaces with weights. 

In a second part, we prove directly that there are global U''^°'^{dm) — L^'^°'^{dm) solutions for the 
^^ ■ d equation on Stein manifolds. This gives, again by duality, another proof for the main result. 

vn 
i> 

• . Let UJ he ck d closed (p, g) form in C" with compact support K := Suppw and such that 

Q I UJ G L^{C"'). Setting K in a ball B := B{0, R) with R big enough, we know, by a theorem of 

CN I Ovrelid [10], that we have a (p, g — 1) form u G L^(B) such that du = u. On the other hand we also 

know, at least when q < n, that there is a current v with compact support such that dv = w, by a 

theorem of Andreotti-Grauert [3]. 

^1 So a natural question is : may we have a solution u oi du = u with compact support and in 

^ ; L'^(C") ? 

" " " We already answered this question by the affirmative in a join work with S. Mongodi [2] 

explicitly and linearly by the "method of coronas". This method asks for extra L^ conditions on 
derivatives of coefficients of u, when q < n ; we shall note the set of u verifying these conditions 
W;(fi) as in [2j. 

The aim of this work is to extend this result to Stein manifolds and get rid of the extra L"^ 
conditions >V!'(f2). For it we use a completely different approach inspired by the Serre duality [T2] . 
Because Hahn Banach theorem is used, these results are no longer so explicit and constructive as 
in[2]. 

On the other hand the control of the support is better : if the support of the data u is 
contained in Q\C where fi is a weakly r' regular domain and C is a weakly r regular domain, then 
the support of the solution u is contained in Q\C', where C is any domain relatively compact in 
C, provided that q > 2. One may observe that Q\C is not Stein in general even if Q is. 
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There is also a result of this kind for g = 1, see section [3751 

The definition of weakly r regular domain will be given later on, but pseudo convex domains in 

Stein manifold or in C" are such domains. 

The idea is to solve Bu = u in a space U{Q) with a weight r] "big" outside of the support of 
CO ; this way we shall have a "small" solution u outside of the support of co. Then, using a sequence 
of such weights going to infinity outside of the support of u, we shall have a u zero outside of the 
support of u. 

In a second part of this work we prove that if w G L^/ °^Ji^,dm), dco = 0, there is a form 

u G L^/ °^_-^^-.{Q, dm) such that du = u, provided that fi is a weakly r' regular domain. 

Hence we have a global estimated solution. Of course for r = 2 this was already proved by Horman- 

der( [7] theorem 5.2.4, p 125). 

This last result was suggested to me by a referee for our paper with S. Mongodi, who gave a sketch 

of a nice geometrical proof of the result on forms with compact support, using L^''°'^ estimates in 

germs, after the version two of this paper was already posted on HAL and ArXiv. 

In order to get another proof for forms with compact support, we prove, for n a positive measure 
on n and 1 < r < oo, that the dual of L^''^(f2, /i) is U ''°^(f2, /i), with r' the conjugate exponent of r, 
and that the dual of U'^°'^{Vt,ij) is U ''^{Vl, fx). We prove also a theorem giving global solution to d 
equation for forms with coefficients in a dual space A', provided that there are solutions for forms 
with coefficients in A. This is again a avatar of the Serre duality theorem. 

Then, because L"^ '^(^) is the dual of U''''°^(il) we get another proof of the main theorem of 
this work. 

I am indebted to G. Tomassini who started my interest in this subject by e-mails on precisely 
this kind of questions and also to S. Mongodi for a lot of discussions by mails on the subject during 
the preparation of our join paper [2]. 

Moreover I want to thank C Laurent who makes me realise that a weaker condition than 
the r regularity was sufficient to get these results, with exactly the same proofs. 

2. Duality. 

We shall study a duality between currents inspired by the Serre duality [T^ . 
Let Q G C^ he an open set in C" and t a (p, q) current with compact support in Q, noted t G 

K (P.)(^)- 

Let also ip G C?^_ _ Jfi) a [n — p,n — q) form in C°°(r2). We have that t A ip is a. {n,n) current 
with compact support in Q. 

As usual we use the following notation for the pairing 
(t, <p) := t{<p), 
where t{(p) is the action, as a current, of t on the smooth form ip of complementary bi-degree. 

The point in the next lemma is that the test functions need not to be compactly supported. 

Lemma 2.1. Let Q be an open set in C", u E V^ , JQ) a {p,q) current with compact support 
in Q and m G "D^ („„_i)(^)- Then we have du = u iff 

(*) ' V^ G C(~_^,„.,)(fi), (a;, v) = {-ly+^-'in, dv). 

Proof. 
If du = u, let X ^ C^(^) such that x = 1 on the support of u, hence on the support of u. Then 

V^ G C(~_,,„_,)(fi), {u,y,) = {u, XV) = {du,xv) = {-lY+^-\uMxv)) 
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by definition of tlie action of derivatives on currents. Hence 

because (9x = on the support of -u ; so 

because x = 1 on the support of u. 

Conversely if we have (*) we take x £ C^(^) such that x = 1 on union of the support of u and 
the support of u then 

because x = 1 on the support of u, and by (*) 

{u,xv) = {-ir^''\u,d{x^)) = {du,xv) = {du,v) 
because x = ^ on the support of u hence on the support of du. 
So 

Vv.G_C[:_,,„_,)(fi), {u,v) = {du,v), 
which means that du = u as a current. ■ 



3. Solution of the d equation with compact support. 

3.1. Weighted L^ spaces. 

Let fi be a domain in C". We shall need the following notations. 
We note dm the Lebesgue measure on C" and we shall define U{Q,ri) to be the set of functions / 
defined on Q such that 

\\f\\Lr(n, v) '■= In \fi^)\''viz)dm{z) < oo, 
with a weight r]{z) > 0. As usual we set L^{Q) for L^{Q, 1). 

Let Xp be the set of multi-indices of length p in (1, ...,n). We shall use the measure defined 
on F := QxIpXiq the following way : 

dfj,{z,k,l) = diJ,jj^p^q{z,k,l) := ■r]{z)dm{z) ^ 2^ 6j{k)^5j{l), 

\I\=P, \J\=q 

where 6i{k) = 1 if the multi-index k is equal to / and 6i{k) = if not. 
This means, if f{z, I, J) is a function defined on F, that 

f{z,k,l)dfir,y,,p,g{z,k,l) := ^ f{z,I,J)r]{z)dm{z). 

•^ |/|=p, |j|=/^ 

If J is a multi-index of length p, let P be the unique multi-index, ordered increasingly, such 
that I U P = (1, 2, ..., n) ; then P is of length n — p. 

To t = X]|/|=p \j\=q'^i,ji.^)^^^ A d,^'^ ^ iPi^) form, we associate the function on F : 

where 

s(J, J) = if dz^ A dz"^ A dz^" A dz"^" = dzi A ■ ■ ■ A dzn A dzi A ■ ■ ■ A dzn as a (n, n) form 
and 

s{I, J) = 1 if not. 
\i if = Yli\i\=p \j\=qVi'',J''{^)dz^ A dz'^ is of complementary bi-degree, associate in the same 
manner : 

$*(2;, /, J) := ipjcjc[z). This is still a function on F. 
Now we have, for 1 < r < oo, if T{z, I, J) is a function in Q with U'{Q) coefficients and with 

(^ ^ l^ri,p,qi 
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■^ \I\=p, \J\=q 

For 1 < r < oo the dual of L^ifJ^) is L'' (/i) where r' is the conjugate of r, — I = 1, and the 

norm is defined analogously with r' replacing r. 
We also know that, for p, q fixed, 

(3-1) FIIl'-(u) = sup 



For a (p, q) form t = X]|j|=p \K\=q^J,Kdz'^ A dz^, and a weight r/ > we define its norm by : 

|Jl=p, \K\=q 

Now we can state 

Lemma 3.1. Let rj > be a weight. If u is a {p,q) current defined on {n — p,n — q) forms in 
U (fi, Tj) and such that 

Proof. 
Let us take the measure /i = /U^^p^g as above. Let $* be the function on F associated to a and T 
the one associated to u. We have, by definition of the measure /z applied to the function 
/(^,J,J):=T(^,/,J)r/-^$*(^,/,J), 

j Tr,-^^*dii = j fiz, k, l)dfi{z, k, l):= Yl j /(^' ^' J)v{z)dm{z) = 

l-f|=P. \J\=Q 

= Y. I ^('^' ^' J)r\z)^*{z, I, JMz)dm{z) = {u, a), 

by definition of T and $*. 
Hence we have, by (13. ip 

11^ 111 1(^1 ol)\ 

r^-'iL^(.)= sup ^^. 

But ||r77-i||^,(^) = Wur^-^W^r^^^^ ^) by (Q, and 

l|/^"^llL'-(f7,,7) = / |/^~T^^"^= / l/r'^^~''^"^= ll/llL-(Q,r,l-)' 

so we get 

n n Km, a)l 

sup 



which implies the lemma because, still by (13. ip . we can take vE^ = $* and ||^||ir'(„) = ll^llL'-Vor?)- 
■ 

It may seem strange that we have such an estimate when the dual of U' {^,f]) is U'{Q,ri), 
but the reason is of course that in the duality forms-currents there is no weights. 
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3.2. Domain r regular. 

Definition 3.2. Let X be a complex manifold and Q a domain in X ; let r & [1, oo], we shall say 
that Q is r regular if for any p,q E {0, ..., n}, q > I, there is a constant C = Cp^q{Q) such that for 
any {p, q) form u, d closed in Q and in U'lQ) there is a {p,q — 1) form u G U'{VL) such that du = u 
and ||u||^,(^) < C\\u\\^rf^^y 

We shall say that Ct is weakly r regular if for any compact set K (£ Q there are 3 open sets 
Qi, Q2, ^3 such that i^ d ^3 C ^2 C fii C fio := ^ 0^^^ 3 constants Ci, C2, C3 such that : 

Vj = 0, 1, 2, Wp, q e {0, ..., n}, q > 1, Wco e L;^,{n,), dco = 0, 3ue L;^_i(fi,+i), Bu = u 
and \\u\\^r(^Q.^^-j < Cj+i\\^\\L^(nj)- 

I.e. we have a 3 steps chain of resolution. 

Of course r regularity implies weak r regularity, just taking f2i = f22 = ^3 = Q. 

Examples of 2 regular domains are the bounded pseudo-convex domains by Hormander [7J . 
Examples of r regular domains in C"' are the bounded strictly pseudo-convex (s.p.c.) domains 
with smooth boundary by Ovrelid [10] ; the polydiscs in C" by Charpentier [1], finite transverse 
intersections of strictly pseudo-convex bounded domains in C" by Menini [9]. 

On a Stein manifold X we define first the "Lebesgue measure" as in Hormander's book [7] 
section 5.2, with a hermitian metric locally equivalent to the usual one on any analytic coordinates 
system. Associated to this metric there is a volume form dV and we take it for the Lebesgue 
measure on X. 

We can solve the d equation in strictly pseudo-convex domains with smooth boundary in X 
with U estimates for (0, 1) forms by use of N. Kerzman kernels ^ and the metric above. 

We can solve the d equation in strictly pseudo-convex domains with smooth boundary in X 
with U estimates for all {p,q) forms by J-P. Demailly and C Laurent ones( [5], Remarque 4, page 
596) but here the manifold has to be equiped with a metric with null curvature, in order to avoid 
parasitic terms. 

So examples of r regular domains in Stein manifold are the relatively compact s.p.c. domains 
with smooth boundary. 

Lemma 3.3. A pseudo-convex domain Q C C" is weakly r regular. 

Proof. 
By theorem 2.6.11 of Hormander [7] there exists a C°° strictly plurisubharmonic exhausting function 
If for Q. Call E G fl the set of critical points of (p, then by the Morse-Sard lemma we have that the 
Lebesgue measure of (p{E) C M is zero. Hence we can find a sequence Ck G M\{p{E), Ck — )■ cxd, such 
that 

-Dfc := {z eQ :: ip{z) < Ck} 
make an exhaustive sequence of open relatively compact sets in Q, dip 7^ on dD^, hence D^ is 
strictly pseudo-convex with C°° smooth boundary, and finally D^. /^ fi. 



and 



Let cj G Lp^^(r2), Scu = then by Ovrelid [lOj, we can solve du = uj'va. D^ with u G Lp^q_^{D 



k 



\u\\Trlr,,\ < C'fc a; rr/n, 1 < Cfc I w I 



Hence if i^ is a compact set in fi, there is a D^ such that K d D^ and we can take Vti = Q2 
fis = Dk. 

Hence the weak r regularity of Q. ■ 

Lemma 3.4. A Stein manifold Q is weakly r regular. 

Proof. 
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It is exactly the same proof as above with theorem 5.1.6 of Hormander [7] instead of theorem 2.6.11 
to get a sequence {-D^jitgN of strictly pseudo-convex sets with C°° smooth boundary and exhausting 

n. 

Then we use Kerzman estimates for {p, 1) forms [8] and Demailly-Laurent estimates for {p, q) 
forms [5] instead of Ovrelid estimates |T0], to conclude the same way. ■ 



3.3. The main result. 

Let l-ipiyL) be the set of all (p, 0) d closed forms in fi. If p = 0, 'Ho(fi) = T-LiP) is the set 
of holomorphic functions in Vt. \i p > 0, we have y? G Tipi^fi) =^ (p{z) = '^\j\=paj{z)dz'^ , where 
dz'^ := dzj-^ A ■ ■ ■ A dzj^ and the functions aj{z) are holomorphic in fi. Hence in C"", a (p, 0) d closed 
form is a vector of global holomorphic functions in Q. 

Let fi be a weakly r' regular domain in C" and a; be a {p, q) form in U''^{VL), r > 1, Supp u d 
Vt. Let f2i C r2 be a sub domain in VL with Suppw d i^i C f2 given by the weak r' regularity of f2. 
Set the weight t] = r]^ := ln^{z) + dn\n^{z) for a fixed e > 0. 

Suppose that co is such that (9(X' = 0ifl<g<n and for any open V (^ Q, Supp a; (^ V we have 
yheUpiV), {u, h) = Oiiq = n. 
We shall use the lemma : 

Lemma 3.5. The form C, defined on {n — p,n — q + 1) form a & U {Q,ri), d closed in Q, as 
follows: 

C{a) := {—iy^'^^^{oj,ip), where if E U (fii) is such that dip = a in Vti 
is well defined and linear. 

Proof. 
Because e > we have a & U (fi, rj) ^ a & U (f2) and such a ip exists by the weak r' regularity of 
fi, so there is a VLi :: Supp a; d fii C f2 such that (p & U (fii) with d(p = a in Vti. 
Let us see that C is well defined. 

Suppose first that q < n. 
In order for C to be well defined we need 

^<p>,ip e L(^_p_„_g)(fii), d^ = dil)^ {uj,<p>) = {uj,tlj). 
This is meaningful because u G U'''^{Q), r > 1, Suppw d Qi. 

Then we have d{ip — ■ip)=0 hence, because Q is weakly r' regular, there is a ^2 such that Supp u d 
Q2 C Qi and we can solve d in L^ {Q2) '■ 

^^^L^n-p,n-,-i)m::d^_ = iip-^). 

So {u, ip — ip) = (w, d'f) = {—iy^''''^(^duj, 7) = because u is compactly supported in D.2- 
Hence C is well defined in that case. 

Suppose now that q = n. 
Of course du = and we have that ip, ip are (p, 0) forms hence d{ip — ip) = means that h := ip — ip 
is a 9 closed (p, 0) form hence h G l-Lpiyti). Taking V = Vti 'm the hypothesis, u ± l-ipiy) gives 
(w, /i) = 0, and C is also well defined in that case. 

It remains to see that C is linear, so let a = ai + a^, with a^ G U (fi, r]\ daj = 0, j = 1, 2 ; 
we have a = dip, ai = dipi and 0^2 = dip2, with ip, ipi, ip2 in U (fii) so, because d{ip — ip\ —922) = 0, 
we have 

ip = ipx\ ip2^ t^'05 with '?/' in U (^2), 
so 
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£(«) = (-l)P+^-i(a;,(/^) = {-l)P+i-^{u,^i + ^2 + dij) = £(ai)+£(a2)+(-l)^+^-'(w, .9V^>, 

but (cj, dip) = 0, hence £(a) = C{ai) + £(0:2). 
The same for a = Xai and the hnearity. ■ 

Remark 3.6. If Q is Stein, we can take the domains Qi to be s.p.c. with C°° smooth boundary, 
hence also Stein. So because K := Suppw C f2i C f2, then the AiVti) convex hull of K, Kq-^ is still 
in Qi and any holomorphic function in Qi can be uniformly approximated on Kq^ by holomorphic 
functions in Vt. 
Then for q = n instead of asking u _L l-Lp{VLi) we need just u ± 'Hp{VL). 

Theorem 3.7. Let Q be a weakly r' regular domain and u be a {p,q) form in L'''''^{Q), r > 1. 
Suppose that u is such that du = Oifl<q<n and 

\fV C Q, Suppw C V, V/i e UpiV), {u, h) = ifq = n. 
Then there is a {p,q — 1) form u in U^'^iVt) such that du = u as distributions and 
IWlL^in) — ^\\'^\\L^(n)- 

Proof. 
Because Q is weakly r' regular there is a i7i C Q, Qi D Supp u such that 

Va G U{Q),da = 0, 3ip e L^'i^i) :: dip = a, ||</'||i'-(n^) < C'i||«|lL'-(n) 
and there is Q2 such that Supp a; d ^22 C fii C fi with the same properties as Qi. 

Let us consider the weight rj = rj^ := 1^1(2) + dlf2\ni(-2) for a fixed e > and the form £ defined in 
lemma 13.51 By lemma 13.51 we have that £ is a linear form on {n — p,n — q + l) form a & L^ {Q,ri), d 
closed in Q. 

If a is a {n — p,n — q + 1) form in U {Q, rj), then a is in U{Q) because e > 0. 
The weak r' regularity of Q gives that there is a (f & L^ (Qi) :: dip = a which can be used to define 
£(a). 

We have also that a G L^{Qi), da = in fii, hence still with the weakly r' regularity of Q, 
we have 

3^ G ^'^(^2) :: dij = a, MLr^n^) < C2\\a\\^^^^^y 
For q < n, we have d{ip — tp) = a — a = on Q2 and, by the weak r' regularity of Q, then there is 
a ^3 C Q2, such that Supp a; C ^3 C ^2, and a 7 G L^ (^3), d'j = ip — ip in Q3. So we get 

{u, ip-iP) = {co, dj) = (-l)P+'?-i {du, 7> = 0, 
this is meaningful because Suppw C ^^3. 
Hence 

C{a) = {uj, ip) =_{uj, ip). 

li q = n, we still have d{ip — ip) = a — a = on Q2, hence ip — ip & 'Hp{Q2) ', this time we 
choose V = Q2 and the assumption gives {u, ip — ip) = hence again £(a) = {u, ip) = {u, ip). 

In any cases, by Holder inequalities 

|£(a)| < M\Lr(n,)U\\Lr'in,) < \MLrin)U\\Lr'in2y 
But by the weak r' regularity of Q there is a constant C2 such that 

U\\Lr'(n,) < C2 II a Hi.' (Hi)- 
Of course we have 

Wo^hr'ini) ^ II^IIl-'cq, r,) 
because r^ = 1 on f2i, hence 
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|£(a)| <C2||a;||i,.(f^)||a||^,/(f5^^). 

So we have that the norm of C, is bounded on the subspace of d closed forms in U (fi, r]) by 
C||a;||^,.,j^-) which is independent of e. 

We apply the Hahn-Banach theorem to extend C with the same norm to all {n — p,n — q + l) 
forms in U {Q, rf). As in Serre duality theorem ( [12], p. 20) this is one of the main ingredient in 
the proof. 

This means, by the definition of currents, that there is a {p,q — 1) current u which represents 
the extended form C and such that 

^^PaeLr' in,r,), \\a\\=l I («'")! < C'll^llL'-(n) 

and by lemma [XT] with the weight rj, this implies 

In particular ||ii||^r(j^) < C||a;||^,./j^-| because with e < 1 and r > 1, we have rj^^^' > 1. 
So applied to a 9 closed {n — p,n — q + 1) smooth form a we get 

with if a smooth form such that dip = a, i.e. Vy^ :: d(p G U iVt, r]), we have (u^dip) = 
{—iy~^'^~^ {u , ip) and this means precisely, by lemma [?!T| that du = u. 

Now for e > with rie{z) ■.= 1qj^{z) + eln\ni(-2), let u^ G U'{fl,ril~^') be the previous solution, 
then 

II II'' ^ I \ \^ l—r J ^ r^rw wr 

llMdlLr(f^) < / \U,\ T] dm<C \\uj\\^r^^y 

Replacing 77 by its value we get 

I 1^ J I / I I*" l—f" 7 ^ r^rw \\r ^ / I \'r 1— r t ^ r^r\\ \\r 

|-Ue| dm + / \u^\ t am < C \\^\\LriQ\^ / \u^\ e am < C \\(^\\x,r/m 
Jn\ni Jn\ni 

hence 

Mel am < C e HwH^rm). 

Because C and the norm of u are independent of e, we have ||Me||ir(Q) is uniformly bounded and 
r > 1 =^ Uiyt) is a dual, hence there is a sub-sequence {M£j.}fcgN of {u^} which converges weakly, 
when efc — )■ 0, to a (p, g — 1) form u in UiVt), still with ||M||ir(Q) < CHwH^rm). 
To see that this form m is a.e. on VL\VLi let us take a component uj^j of it ; it is the weak limit of 
the sequence of functions {Mej.,/,j} which means, with the notations v := M/^j, Vk '■= Ue^jj 

yfeV'{VL), / vfdm= lim / Vkfdm. 

V 

As usual take / := -j— rls where E := {\v\ > 0} fl (r2\r2i) then we get 

/" I I f f "^kV 

vfdm,= I \v\dm= lim / Vkfdm= lim / - — -dm. 
in Je k^'^Jo. I'-^'^Je \v\ 

Now we have by Holder 

< \\'Vk\\Lr{E)\\^E\\Lr'(E)- 



But 



dm 

E \v\ 



\\vk\\Lr(E)^ / I^^J dm<{ekY \\uj\\^r(m^O, k -^ oo. 
jQ\ni 
Hence 



\v\ dm 

E 



< C\\iE\\Lr\E)i^ky l|w|llr(n) -^ 
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which iinphes m{E) = because on E, |f | > 0. 

This being true for all components of u, we get that the form m is a.e. on r2\r2i. 
So we get 

Vy. e P„_p,„_,(fi), {-lY+'i-\u, ip) = {u,, d^) ^ (m, B^) => {u, dif) = {-iy+'i-^{u, if) 

hence du = u a.s distributions. ■ 

Remark 3.8. As in remark [X6l if Q is Stein for q = n instead of asking u _L 'Hp{Q2) we need just 

u ±np{n). 

Remark 3.9. The condition of orthogonality to T-LpCV) in the case q = n is necessary : suppose 
there is a {p,n — 1) current u such that du = u and u with compact support in an open V (Z Vt, 
then if h E l-ip(y), we have 

h e HpiV), {u, h) = {du, h) = (-1)"+p(m, dh) = 0, 
because, u being compactly supported, there is no boundary term and 

{du,h) = (-l)"+P(M,a/i). 
This kind of condition was already seen for extension of CR functions, see pLj o.nd the references 
therein. 

3.4. Case of Stein manifold. 

Theorem 3.10. Let X be a Stein manifold and Q a weakly r' regular domain in X with r' the 
conjugate exponent for r. Let u be a [p, q) current in L'^''^{Q), r > 1, such that du = Oifl<q<n 
and for any open set V C Q, V D Suppw we have Wh E TipiV), {u, h) = if q = n. 
Then there is a {p,q — 1) current u in L^''^{Q) such that du = u. 

The proof is identical to the proof of theorem 13. 7[ 

Remark 3.11. Another proof of this theorem, with different assumptions, was given by a referee. 
He sketched a completely different geometrical proof, using nice but heavy theorems. 

3.5. Finer control of the support. 

Here we shall get a better control on the support of a solution. 

Theorem 3.12. Let Q be a weakly r' regular domain in a Stein manifold X. Then for any {p,q) 
form uj in L'^''^{Q,dm), du = 0, if q < n, and u _L 'Hp(K) for any V :: Suppw G V, if q = n, with 
support in Q\C where C is a weakly r regular domain, there is a u E L'^'^{Q, dm) such that du = u 
and with support in Q\U, where U is any open set relatively compact in C, provided that q > 2. 

Proof. 

Let a; be a (p, q) form with compact support in Q\C then u is solvable in L^' by a f G 
Lpg_i(fi), dv = u, with compact support in Q, by theorem 13.101 or. if f2 is a polydisc in C", and if 
tu G WUQ) by the theorem in [2] by the coronas method. 

Because cu has compact support outside C we have u = in C ; this means that St" = in C. 
Because C is weakly r regular and g > 2, we have 

3C' gC, C'd U, 3h G Llg_^{C') s.t. dh = vin C. 
Let X be a smooth function such that % = 1 in ^ and x = near dC ; then set 

u := V — d{xh)- 
We have that u = v — xdh — dx ^ h = v — xv — dx A h hence u is in L^ ; moreover m = in f7 
because x = 1 in ?7 hence dx = there. Finally du = dv — d'^{xh) = u and we are done. ■ 
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If Q and C are, for instance, pseudo-convex in C" then Q\C is no longer pseudo-convex in 
general, so this theorem improves actually the control of the support. 

Remark 3.13. The correcting function h is given by kernels in the case of Stein domains, hence 
it is linear ; if the primitive solution v is also linear in u, then the solution u is linear too. This is 
the case in C^ with the solution given in p] . 

This theorem cannot be true for g = 1 as shown by the following example : 
Take a holomorphic function 99 in the open unit ball 5(0, 1) in C" such that it extends to no open 

ball of center and radius > 1. For instance '^(z) := exp I ). Take i? < 1, then ip is 

C°°{B{0,R)) hence by a theorem of Whitney (p extends C°° to C" ; call (fji this extension. Let 
X e C^{bIo,2)) such that x = 1 in the ball 5(0,3/2) and consider the (0, 1) form u := <9(x(/?if). 
Then Suppw C B{0,2)\B{0,R), u is d closed and is C°° hence in Lj; ^(5(0, 2)). Moreover B{0,R) 
is strictly pseudo-convex hence r' regular, but there is no function u such that du = u and u zero 
near the origin because any solution u will be CR. on dB{0, R) and by Hartog's phenomenon will 
extends holomorphically to B{0,R), hence cannot be identically null near 0. 

Never the less in the case g = 1, we have : 

Theorem 3.14. Let Q be a weakly r' regular domain in a Stein manifold X. 
Then for any [p, 1) form u in L^''^{Q,dm), du = 0, with support in Qi\C where Qi is a weak r' 
regular domain in Q and C is a domain such that C G Q and C\Qi 7^ ; there is a u G L'^''^{Q, dm) 
such that du = uj and with support in VL\C. 

Proof. 
We have that uj is solvable in U' by a u G U q{VLi) with compact support in fii, by theorem 13.101 
or, if VL and Vti are polydiscs in C", and if u verifies the extra U' estimates on some derivatives 
of its coefficients, by the theorem in [2] with the coronas method. Then 9u = in C hence u is 
locally holomorphic in C. Because C\Vti ^ 0, there is an open set in C\r2i C Vt\Vti where u is 
and holomorphic, hence u is identically in C, C being connected. ■ 

Remark 3.15. If there is a u E L^'^lQi) which is in C then we have 

yh G L;'_p_„_i((:7) - Snpp Bh CC, = {u,dh) = {uj,h), 
hence the necessary condition : 

V/i e L;'_p_„„i(C) :: Suppdh C C, (w, h) = 0. 

Corollary 3.16. Let Q be a polydic in C^ . Then for any [p, q) form u in L'^''^{Q) nVV!'(f2), du = 0, 
if q < n, and u _L 'Hp( Q) if q = n, with compact support in ^\{f = 0} where f is holomorphic in 
fl, there is a {p,q ~ 1) form u G L'^''^{VL) such that du = u and u has its support still in ^\{f = 0}. 
Moreover the solution u is linear with respect to u. 

Proof. 
Because u has compact support outside {/ = 0} this means that there is a e > such that a; = 
in {|/| < e}. We have that C := Q H {\f\ < e} is pseudo-convex hence we can find a sequence of 
smoothly strictly pseudo-convex domains D^ d C such that D^ /^ C. Choose k big enough to be 
sure that Dfc D { I/I < e/2}. 

If g > 1, apply theorem 13. 121 to C, C = D^, to get a solution u oi du = u in Lpg_]^(r2) with 
support in fl\{f = 0}. 
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If g = 1 we can apply theorem 13.141 because {/ = 0} goes necessarily up to the boundary 
of Q and we can always take a D strictly pseudo-convex containing the support of u and relatively 
compact in Q. We can always use the linear solution given by the coronas method for the primitive 
solution, hence because we can solve d in L^ linearly in s.p.c. domains, each step is done linearly, 
so the complete solution is also linear. ■ 

Remark 3.17. If Q is a pseudo-convex domain in a Stein manifold X, and if f is holomorphic in 
Q, then fi\{f = 0} is Stein and we have already this result by theorem \3.10\ but not linearly with 
respect to u. 



4. An approach by U'''"" estimates for d. 

4.1. Global L'^'°^(fi) estimates for d.. 

We shall use again the L^ estimates to get a direct proof of global W^^"'^ estimates for the d 
equation in Stein domains. We shall copy the proof of theorem 2.8.1 in Henkin-Leiterer ( [6] p 86). 

Let fi be a Stein manifold. Let {-DfcjfcGN be an increasing sequence of strictly pseudo-convex 
C°° smoothly bounded sub domains of Vt such that Dk is 0{Vl) convex. Let u G U^^q^iVt), (9a; = 
and first suppose that q > 2. 

We have : by Ovrelid results in C" and Demailly-Laurent ones in a Stein manifold that 
Vfc G N, 3uk e Lj;,^_i(Dfc) :: duk = uj, WukWir^Dk) - ^k\\(^\\L-{Dk)^ 
because u G Lpg{Dk) and we can solve d in this class. Set ^3 = M3 and suppose v^, ...,Vk are already 

done with Vk G ^{Dk), Bvk = u in Dk and Vk = ffc-i in Dk-2, \\vk\\Lr(D,,) < Ek+i\\(^\\Lr(Dk+i}- ^^^ 
us built ffc+i- 

We have 3uk+i G Ui^Dk+i) :: duk+i = w so d{vk — Mfc+i) = in Dk hence 
3ip G Ui^Dk) :: dip = Vk — Uk+i in Dk, WfHirfD ) ^^^^ ^^^^ • 

||V^|lLr(£,^) < Ck\\Vk — «fc + l||ir(£)^) < C'fc||'yA:||ir(£|^) + Cfc 1 1 Mfe + 1 1 1 ^,. (^^-) < 

< {CkEk+l + C*fcC*A:+l)ll'^llL'-(Dfc+i)- 

Let Xk e C^{Dk), < Xfc < 1, with Xk = 1 in Dk-i and set 

Vk+i = Uk+i + d{xkV) = dxk A v? + Xk{vk - Uk+i) ; 
and Xk{vk — Uk+i) G U{Dk+i) because it can be extended by outside Dk and the same for dxk^'P, 
hence Vk+i G L^{Dk+i). Moreover we have 

Vk+i = Uk+i + dxkf\'P + Xk{vk-Uk+i) = Vk in Dk-i because there Xfc = 1 ^ dxk = 0, 
and 

Bvk+i = Buk+i + d'^{xk^) = duk+1 = UJ. 
And again we have ||^fc+i|lLr(£,^_^^) < ^fc+2||w||^,p^_^^), with Efc+2 = Ck + \\Xk\\ooiCkEk+i + CkCk+i). 
So we are done, the sequence {Dk}keN being increasing and exhausting in fl. 

If g = 1 we suppose that V2 = U2 and V3, ...,Vk are already built. Then the form hk := Vk—Uk+i 
is in l-Lp^Dk) hence 



3(/) G V.p{Vt) :: Mz G Dk-i, \vk{z) - Uk+i{z) - if{z)\ < 2 



-k 



because Dk-i is OiVt) convex, Vk — Uk+i is holomorphic in a neighbourhood of -Dfc-i- 
So let 

Vk+l ■= Uk+l + <^, 

then \vk — Vk+i\ < 2^^ in D^^i hence we have a sequence of forms which converge uniformly on 
compact sets in fi to a form u. Now u — Vk+i is holomorphic in D^ hence du = dvk+i + d{u — Vk+i) = 
Bvk+i = a; in Dfc for all k and u G LpQ(Dfc) for all k. So we are done and we prove : 
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Theorem 4.1. Let Vl be a Stein manifold and u G U'^°'^{VL)^ dtu = 0, then there is a u G L''°^^(n) 
such that du = u. Moreover we have a Ck > such that \\u\\^ri£)^\ < C'fc||a;||^r(£)^ \. 

Now in order to go back to forms with compact support, we shaU use duahty. 

4.2. Functionnal analysis. 

We shaU show that, for (fi,/i) a measured topological space and 1 < r < oo, the dual 
of U''-°'^{Q, fi) is U ''^{yt^jji) where r' is the conjugate exponent of r, and U ''^{Vt^iJi) is the space 
of U {fl,fi) functions fi a.e. outside of a compact set. And also that the dual of L'^'^{Q,fi) is 

Let {fijjjgN be a exhaustive sequence of relatively compact open sets in Q. We shall equip 
U'^°^{yL^jji) with the family of semi-norms : 

V/Gr'>^(l]), 11/11, 
This is a Frechet space. 

For / e L^'^(fi,/i) we set ||/||, := ( /^ \f[ d^^Y'\ 

Theorem 4.2. For r G [l,oo[ the dual of U'''°'^{Q, fi) is L^ ''^{Q, fi), with r' the conjugate exponent 
for r. 

Proof. 
With its Frechet topology, a linear form C on L^''-°'^[Q, n) is continuous if and only if : 

3j G N, 3C> :: V/ G ^'■'""=(0,/.), |£(/)| < C\\ft^^. 
First for g E U ''^{Q,fi) we associate the linear form 

V/GL^'''°^(fi,/i), Cgif):=J^fgdfj.. 
We have \Cg{f)\ < \\g\\r\\f\\r j for any j G N such that Suppt? C Qj hence Cg is continuous so 
f7G(L^''-(fi,/i)y. 

Conversely let £ be a continuous linear form on L^' °^(r2,yu), this means 



'r,j 



L'-(flj)' 



(4.3) 



3J G N, 3C> :: V/ G r'''°^(fi,/i), |£(/)| < C\\f\\j. 



Because the norms are increasing, we still have 

Vn> J, V/GL^'"''=(fi,/i), |£(/)|<q|/||,,„. 
This implies that for n > J, we have that, on fi„, C is associated to a unique (class of) function 

gn G I/'''(fi„), ||5f„||,., „ < C, i.e. 



(4.4) 



Vn >J,yfe r'''°^(fi,/i), £(ln„/) = /" fgndfi. 



By uniqueness we have that gn = gn-i on Qn-i- 



Consider now the function /„ :=ll£;„ 



ll/nl 



5'" 



\9n 



r-2 
r-l 



r-2 
I r-l 



dfi 



with ii^„ := Qn\^j ; then 



S'nT dij,< |fi'„rrf/i< C"'. 



Hence /„ G L''''°'=(fi,/i), and we have by (lOIl and by (143!) 



|i^(ln„/n)| = /f2 /n^nC?/^ 



"^ -C/n I I - — T 



/e J^nr''c?/^ <C||/„||,_^ = 0, 
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because /„ = on Qj. Hence gn = fi a.e. on _E„. We have gn = gj l^ a-e. on Qj hence setting 
g :=ln gj we get that g = gn 1^ ci-^- on r2„. Because / — ln„/ — )■ in U'^°'^{D., fj.) we have 

£(/) = hm„^oo>C(ln„) = j^fgd^i, 
by the continuity of £, hence C is associated to g which is in U •'^(fi, /i). ■ 

Theorem 4.3. For r G [l,C)o[ i/ie dna/ of U'^{VL, ^) is U ''°^(r2,/i), wzt/i r' the conjugate exponent 
for r. 

Proof. 
The space E := U'^{yL,n) is endowed with its topology of inductive hmit {L^{Qn, fJ'), ^n)nGN with 
Tn : U'iytmlj) — !■ U'^iyt^jj) is such that V/ G L^{Qn,fJ'), T^f := lf7„/ G U'^^iVt^n). A hnear form £ 
on U''^{Q,^) is then continuous if and only if £ is continuous on each L''(r2„,/x), i.e. 
Vn G N, 3C„ > :: \C{TJ)\ < CJTJI^. 

First to g E U' '''°'^{Q,fi) we associate the linear form 

WfeU''%n,fi), Cg{f):=f^fgdfi. 
We have 

\Cg{Tr,f)\= Lfgdii <\\g\\LrinJ\Tnf\\Lr, 



lL'-(n„)ll-^n./ llL'-.=(n,^)' 



hence £g is continuous on U'^{Vt,ij), so g E {U''^{VL, jj))' . 

Conversely let £ be a continuous linear form on L'"'^(r2,yu), this means that, if we restrict C 
to the subspace L'^iVLn^jj) we have 

3C„ > :: V/ G L'-(fi„,/i), |£(T„/)| < C„||T„/|U. 
Hence by the usual duality between L'''(r2„,/i) and U {Qn, fJ^) we have 

3!5f„ G L'''(fi„,/i) :: ||5'n|lLr'(j^^^^) < C„ and £(T„/) = (T^f^gn)- 
But fi„_i C i7„ hence gn = gn-i f^ ci-^- on Qn-i so we set g E U '^°'^{VL) such that 

(? := gn on a„ and V/ G L^'^(fi), £(/) = {f,g)^ 
and we have that (L''''=(fi,/i), )' C L^''''°^(ll). ■ 

Remark 4.4. VKe can ■use i/ie fact that U''^°^{VL) is the projective limit of the projective system 
{U(Vtj), Tjk) where {Vtj}ji^m is an exhaustive sequence of relatively compact open sets in fi, and 
Tjk : L^{Qk) -> L^{Qj) is defined by : 

Tjkf '■= In^nQfc/- 
We also have that L^''^{Q) is the inductive limit of {L^{Qj), Tjk) and we have that the dual of U'{Qj) 
is U {Vtj) and the dual of an inductive limit is the projective limit with the dual inductive system 
( [H], Prop. 15, p 85). But because the converse is also true in this case, we give explicitly the 
detailed proofs. 

4.3. Complex analysis. 

Let VL be an open set in C" or in a complex manifold, and A a topological space of functions 
defined on Vt. Let, as usual, ViVt) be the space of C°° smooth functions with compact support in 
VL and ViVt) be the space of distributions in ^2. Suppose that ViVt) d A C. ViVt), the inclusions 
being continuous. 

Associate to A the spaces of (p, q) currents A^g with coefficients in A. Then B = A', the dual of 
A, is still a space of distributions and we ask that the duality bracket be d compatible with the 
distribution one, i.e. 

V/ G Ap,,_i, \/g G Bn^p,n-„ {df,g) = {f,dg). 
This means that there is no boundary terms, i.e. the f or g must be "asymptotically holomorphic" . 
We say that the equation df = u is solvable in Ap^g with < p < n, 1 < q < n, ii 
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Vw G Ap^q, Bu = 0, 3/ e Ap,g_i :: Bf = u. 
Now suppose 9 is solvable in Ap,g+i and in Ap^q and let a; G Bn-p,n-q, du = still with < p < 
n, ^ "^ q "^ n, and consider the form 

V7 G v4p,g+i, ^7 = 0, C^{-f) := (/,cu), 
with df = 7, which exists by hypothesis, where (■, ■) is the duality bracket. 
Let us see if this form is well defined, as in lemma 13.51 : 

if Bf = Bg = 7, then B{f — g) = hence 3ip G Ap g__i :: Bip = f — g so 
(/ -g,uj) = {B^, u) = (-lF+«(<^, Bu) = 0, ' 
because we have the compatibility between the two brackets. 
Hence C^j is well defined and it is linear as in lemma 13.51 
As before set l-Lp{VL) the set of (p, 0) form / such that 9/ = in Vt. 

For the special case g = 0, we automatically have that Bu: = 0, because a; is a {n—p, n) form, 
hence to still get that >C^(7) is well defined if ^7 = 0, we need (/, cj) = as soon as / G T-ipiVt). 

We say that the equation Bf = oj is continuously solvable in Ap,g+i if it is solvable in Ap^g and 
in v4p q+i and if, moreover, £^(7) is a continuous linear form on the subspace 7 G ^p,g+i, B-y = 0. 

Theorem 4.5. // the equation Bf = u is continuously solvable in Ap,g+i then we can solve it in 
the dual space Bn-p^n-q- This means that Wu G -B„_p,„_g, Bu = Oifl<q<n— 1 and (w, f) = Oif 
q = for f G Tipi^Q), there is a u E Bn-p^n-q-i such that Bu = u. 

Proof. 
Let u G Bn-p^n-q, Bu = Oiil<q<n — 1 and {oJ, f) = ii q = n and / G Tipi^Q), and consider 
the form L = L^ defined above on the subspace 7 G ^p,g+i, B^ = 0, which exists by hypothesis in 
Ap^q^i. This linear form C is well defined, linear and continuous by assumption, so by Hahn-Banach, 
it extends to the whole Apg+i and is represented by a u G Bn-p n-q-i by duality. So we have 

£(7) = (7,n) = {Bf^u) = CM) = (/,^), 
but {df,u) = (-1)p+''(/,(9m) hence (/,w) = {-iy^''{f,du) provided that df = '-/£ Ap^q+i. 
This is true for 7 = Bf, where / is a (p, q) -form with coefficients in 'D{VL), because P(r2) C A and 
if / G P(fi), Bf G V{n) ^Bfe Ap,,+i ; 
hence we have 

V/Gl?(fi)p,„ (/,a;) = (-ir+'^(/,a«>, 
so we find a m G Bn-p^n-q-i such that {—ly^'^du = w. ■ 

This is again a avatar of Serre duality but with explicit global estimates. 

Corollary 4.6. Let Q be a domain in a Stein manifold X such that the equation Bu = f has a 
solution u in Lp'g°'^(n) if f & L^q^^^Q) with the control : 

yjeN, ||«||,.<4-||/1|,. ; 
then we can solve this equation with u G U'^ ^^{Vt) if f & Uj'^iVL) and Of = if q < n, and f ± Tip 
ifq = n. 
In particular this is true if Q is Stein in X. 

Proof. 

We take for fi the Lebesgue measure on Q and A := U ''"'^(fi) ; we have clearly that V{Q) G A G 
V'{Q) and by theorem 14. II we can solve the d equation for {p, q + 1) forms closed with coefficients 
in A. 

Let u G Lj^'lp„„g(r2) ; we have to show that the form C = Ci^ is continuous on the subspace 

7 G Ap g+i, ^7 = 0, but we have with Bf = 7, 

£(7) := {f,u) => |/:(7)| = \{f,uj)\ < ||/IL.(^^,)X||u;||^,.(^). 
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The theorem 14.11 gives also that ||/||j^r(Q,) < C'j||7||^^.^, ,, where Qj C ^2 is a s.p.c. domain 
containing the support of 7. Hence 

1^(7)1 = l(/,w)l < \\f\\Lr(n^)^M\Lr(n) < Cjh\\Lr^n,+^)^\MLr(n)^ 
and the continuity of £, Cj and u being fixed. 
The d compatibihty is clear because B = A' is made of forms with compact support by theorem 14. 31 

So by theorem 14.51 we can solve the d equation for forms with coefficients in the dual space 
of L'^'''°'=(fi, /i) which is, by theorem iJl U''%n, dm). 

By theorem 14.11 if Q is Stein, then we can solve d in L^'''°'^{Q) hence in L'^''^{Q), and the 
corollary. ■ 
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